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Introduction

S TRUCTURAL dynamic analytical models of complex
structures require analyses which have frequency re-

sponses as important design considerations. The acceptance of
an analytical model is often based on a subjective evaluation of
the predicted and measured natural frequencies and normal
mode shapes. The test data and modeling accuracies are both
important considerations in the identification process. No gen-
erally accepted method is presently employed which uses the
test data objectively to improve the analytical model.

The information obtained from ground vibration tests often
leads to the correction of major deficiencies in the modeling of
certain areas of the structure. The judgment required in the
analytical model improvement is an engineering evaluation of
the predicted minimum changes which will exactly predict the
measured data.

Berman and Flannelly1 developed a method for identifying
parameters in a linear, discrete model of a structure by using
measured normal modes to modify an analytically derived
model. This method does not provide for the correction of the
analytical stiffness matrix, but synthesizes an incomplete stiff-
ness matrix.

Baruch and Bar-Itzhack2 assumed that the mass matrix is
correct and introduced a constrained minimization procedure
to adjust analytical stiffness and flexibility matrices. The re-
sulting analytical dynamic model modes are identical to the
analytically orthogonalized test modes used in the identifica-
tion.

Berman3 assumed that the test mode shapes are exact and
modifies the mass matrix using a minimum-weighted Eu-
clidean norm and Lagrangian multiplier techniques to satisfy
the orthogonality constraint.

Kabe4 introduced a procedure that uses the mode data and
structural connectivity information to optimally adjust defi-
cient stiffness matrices. The adjustments performed are such
that the percentage change to each stiffness coefficient is min-
imized.

The comparison of dynamic analysis and dynamic test data
obtained from a linear structure rarely demonstrates complete
or acceptable compatibility. One simple approach is to first
modify the analytical mass matrix to satisfy the orthogonality
condition based on the measured mode shapes. Then, the stiff-
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ness matrix is modified to satisfy the eigenvalue equation as a
function of the measured mode shapes, natural frequencies,
and the corrected mass matrix.5'14

In Ref. 15, an alternate approach is offered to correct the
stiffness matrix using an incomplete set of static loads and
deflections obtained from static tests. Then, the analytical
mass matrix is modified to fulfill the eigenvalue equation
based on the modal test data and the updated stiffness matrix.

All previously published methods have the merits of im-
proving the analytical structural dynamic model; however, the
interaction between the mass and stiffness matrices are not
taken into consideration in deriving the analytical model. In
this Technical Note, both the analytical mass and stiffness
matrices are modified simultaneously using the vibration test
data. The dynamic model improvement is obtained by mini-
mizing the weighted Euclidean norm from the original analy-
tical model combined with the Lagrange multiplier technique.

The dynamic equation and the orthogonality constraints are
satisfied during the analytical derivation. The matrix inver-
sions which are required in the analysis are of the order of the
number of measured modes. The effects due to mass and
stiffness interaction are determined from the final equations.
These interaction effects can be very important to many ana-
lytical engineers.

Theoretical Development
Dynamic response is an important consideration in aero-

space structure design. Analytical models are used to identify
the parameters from modal test results. These analyses use two
basic theoretical relationships which apply to linear, un-
damped structures represented by finite-element models.
These are orthogonality of the normal modes, and the eigen-
value equation as described in Eqs. (1) and (2):

(1)

(2)

The measured modes obtained in the ground vibration tests
are often fewer than the number of degrees of freedom. The
normal modal matrix $(n x m) is rectangular, where n > ra,
and the natural frequency matrix Q2(m x m) is diagonal.
There are an infinite number of mass and stiffness matrices
which satisfy the orthogonality and eigenvalue equations. If
the changes in the mass and stiffness matrices are minimized,
an analytical solution will result under the given weighting
matrix condition.

The normalized mode shapes and the measured frequencies
obtained from the tests are assumed exact and have to satisfy
the basic dynamic relationships of Eqs. (1) and (2). The cor-
rected mass M(n x n) and stiffness K(n x n) matrices are
symmetric and represent the desired matrices obtained from
the analytical model improvement.

The analytical mass matrix MA (n x n) is a positive-definite,
symmetric matrix, and the analytical stiffness matrix
KA (n x n) is either a positive-definite or a semidefinite sym-
metric matrix if it includes rigid-body motions. Both MA and
KA are assumed to be known matrices.

The convenient way to find the desired mass matrix M and
stiffness matrix K which give minimum changes to the known
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analytical matrices MA and KA is to minimize the functions e\
and e2 defined in Eqs. (3) and (4):

(3)

(4)= - MA~t/2(M-MA)M^

Defining a Lagrangian multiplier matrix (A,A,a,0) for each
of the constraint equations results in the Lagrangian function

- e, + 62

- 7),y

(5)

Here A is a rectangular matrix of the order (n x m) and A is
a symmetric matrix of order (m x m). Both a and /5 are anti-
symmetric matrices of order (n x n).

Differentiating Eq. (5) with respect to the elements m^ and
kjj and setting these results to zero yields

A l (M - MA )MA
 l - 2Afi2<l>r + 2a = 0

2/3 = o
(6)

(7)
Adding Eqs. (6) and (7) and their respective transposes elimi-
nates the Lagrangian multipliers a. and 0:

M = MA

K = KA - M

MA 3>&ATMA - MA

- MA

(8)

(9)

Substituting Eq. (8) into Eq. (1) to eliminate Lagrangian mul-
tiplier A results in

YTATMA -M0-ZA7-

where

Q =

(10)

(11)

(12)

(13)

(14)

Furthermore, substituting Eqs. (9) and (10) into Eq. (2) and
rearranging the equation gives

MA A = S-

where

E = Q

s ^

(15)

(16)

(17)

(18)

Equation (15) and its transpose are substituted into Eq. (10)
and the Lagrangian multiplier A cancels. The desired mass
matrix which has the stiffness matrix correction effects in the

last two terms is

M = MA - MO + (/ - + YTST(I - (19)

Equation (19) is an easily evaluated expression for the cor-
rected mass matrix to make it consistent with the measured
data. If the KA terms are neglected from the equation, the
corrected mass matrix is reduced to the results shown in Refs.
6 and 10. The only inversions required are those of Q and E,
which are of the order of the number of measured modes.

In order to determine the corrected stiffness matrix which
satisfies the eigenvalue equation, Eqs. (9) and (19) are substi-
tuted into Eq. (2) to get

A =

(20)

Substituting Eq. (20) and its transpose into Eq. (9) gives

K =K0 + 2PQ2PT- U$>PT - P3>TUT + MA3>ATZ

where

UT+ U

(21)

(22)

(23)

Again, substituting Eq. (20) and its transpose into Eq. (21) and
adding the resulting equation on Eq. (21) yields the desired
stiffness matrix:

K = K0 4- P($TKA $ + Q2)Pr - U$PT- P3>TUT (24)

Therefore, from Eqs. (19) and (24), the corrected mass and
stiffness matrices satisfying both the orthogonality require-
ment and the eigenvalue equation are developed. The interac-
tion between the mass and stiffness matrices are easily identi-
fied from the equations as compared to previously published
methods.

Conclusions
The mass and stiffness matrices can be optimally corrected

simultaneously from incomplete modal test data by using the
Lagrange multiplier method. The dynamic equation and the
orthogonality constraints are satisfied during the analytical
derivation. The minimized function is formulated such that
the resulting changes to the model are a minimum under the
given weighting matrix condition. The desired model exactly
reproduces the modal and frequency matrices used in the iden-
tification. No iteration is needed in order to ensure that the
desired matrices satisfy all of the constraint equations. This
method appears to have potential as an important tool for
studies of the effects of structural changes.
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